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for subphotospheric magnetic fields
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Abstract
Helioseismology revealed an increase in the rotation rate with depth just beneath the solar surface. The rel-
ative magnitude of the radial shear is almost constant with latitude. This rotational state can be interpreted
as a consequence of two conditions characteristic of the near-surface convection: the smallness of convective
turnover time in comparison with the rotation period and absence of a horizontal preferred direction of convec-
tion anisotropy. The latter condition is violated in the presence of a magnetic field. This raises the question of
whether the subphotospheric fields can be probed with measurements of near-surface rotational shear. The
shear is shown to be weakly sensitive to magnetic fields but can serve as a probe for sufficiently strong fields of
the order of one kilogauss. It is suggested that the radial differential rotation in extended convective envelopes
of red giants is of the same origin as the near-surface rotational shear of the Sun.
Keywords
Sun: rotation - Sun: magnetic fields - stars: rotation - turbulence - magnetohydrodynamics (MHD)
1Institute for Solar-Terrestrial Physics, Lermontov Str. 126A, Irkutsk, 664033, Russia
2 Pulkovo Astronomical Observatory, Pulkovskoe Sh. 65, St. Petersburg, 196140, Russia
*E-mail: kit@iszf.irk.ru
1. Introduction
Helioseismology revealed large inhomogeneity of solar ro-
tation near both boundaries of the convection zone. There
is a shallow tachocline just beneath the base of the convec-
tion zone where the latitudinal differential rotation rapidly
decreases with depth to converge to a uniform rotation of the
radiation core (Antia et al. 1998; Charbonneau et al. 1999).
Another relatively thin (∼ 30Mm) layer with rotation rate
sharply increasing with depth lies right beneath the solar sur-
face (Thompson et al. 1996). This paper concerns the surface
shear layer.
It is remarkable that the relative rotational shear,
∂ log(Ω)/∂ ln(r) = −1, in the surface layer is almost con-
stant from the equator to 60◦ latitude (Barekat et al. 2014)
though the angular velocity Ω and its gradient in (heliocen-
tric) radius r are latitude-dependent. More specifically, the
relative shear averaged over 10 Mm depth below the photo-
sphere is uniform with latitude.
We shall see that the uniform surface shear can easily be
explained in the framework of the differential rotation theory.
It is a consequence of the two conditions characteristic of the
near-surface region: 1) the characteristic time τ of turbulent
convection is small compared to the rotation period, and 2)
the only preferred direction of the turbulence anisotropy is
the radial one.
The suggested explanation is as follows. As has been first
shown by Lebedinskii (1941), anisotropic turbulence produc-
es the so-called ‘non-diffusive’ fluxes of angular momentum,
which are proportional to the angular velocity itself rather
than to its gradient. This phenomenon is now called the Λ-
effect (Ru¨diger 1989). There are also diffusive fluxes of angu-
lar momentum, which are proportional to the gradient of the
angular velocity, due to the turbulent viscosity. The standard
boundary conditions, considered in the next Section, demand
the total flux of angular momentum to be zero near the stellar
surface. In other words, the viscosity and the Λ-effect bal-
ance each other at the surface. In the case of small turnover
time τ ≪ Ω−1 and radial anisotropy of the turbulence, this
balance demands the relative radial shear to be constant ir-
respective of how complex the dependencies on latitude in
angular velocity and its gradient are.
The above explanation is however valid for weak mag-
netic fields only. A sufficiently strong field provides an addi-
tional anisotropy that involves a dependence on latitude in the
relative rotational shear. This raises the question of whether
helioseismological data similar to that obtained by Barekat et
al. (2014) can provide information on subsurface solar mag-
netic fields? The question seems to be topical because the
near-surface layer is considered as a possible site of the solar
dynamo because of its large rotational shear (Brandenburg
2005; Pipin & Kosovichev 2011). In view of the lack of mea-
surements of internal solar magnetic fields, any means for the
fields detection are significant.
In this paper, the Λ-effect is derived and the relative sur-
face rotational shear is estimated with allowance for the mag-
netic field. We shall see that the shear is weakly sensitive to
the magnetic field. The shear can, nevertheless, serve as a
probe for a magnetic field whose toroidal component reaches
the value of the order of one thousand Gauss.
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2. Continuity equation for the angular
momentum and boundary conditions
Rotational shear near the surface of the convective envelope
of a star can be inferred from the boundary conditions which
in turn follow from the continuity equation for angular mo-
mentum.
The angular momentum equation can be derived by av-
eraging the equation for the fluid velocity v. The velocity
v = V + u of a fluid with convective turbulence includes
the mean large-scale part V and the small-scale fluctuations
u. The averaging (over an ensemble of turbulent flows) sep-
arates the scales: 〈v〉 = V , 〈u〉 = 0, where the angular
brackets signify the averaging. Similarly, the magnetic field
is a superposition of the mean large-scale field, B, and fluc-
tuating small-scale field, b. In what follows, spherical coor-
dinates (r, θ, φ) with the axis of rotation as the polar axis are
used and axial symmetry of the averaged stellar parameters
is assumed. The continuity equation for the angular momen-
tum,
ρr2 sin2 θ
∂Ω
∂t
= −div(r sin θ(ρ〈uφu〉 − 〈bφb〉/4π
+ ρr sin θΩV −BφB/4π)
)
, (1)
results from the averaging of the azimuthal component of the
motion equation (Ru¨diger 1989). The vector under the di-
vergence sign on the right-hand side of this equation is the
angular momentum flux.
The standard boundary condition for Eq. (1) is the conti-
nuity of radial flux of angular momentum on the surface of
a star. The condition can be obtained by integrating Eq. (1)
over a small volume comprising a part of the surface. On
taking into account that the mass flux ρVr on the boundary
is small (small mass loss for the stellar wind), that the large-
scale magnetic field is continuous, and that convective tur-
bulence is present inside the star only, we find the boundary
condition
Trφ = −ρ〈uruφ〉+ 〈brbφ〉/4π = 0. (2)
This condition for the off-diagonal component of the stress
tensor, Tij = 〈−ρuiuj + (bibj − δijb2/2)/4π〉, means that
the surface density of azimuthal forces is zero and the dif-
ferential rotation is controlled by internal processes in the
convection zone, not by an external impact. The condition
(2) is formulated for the surface but holds validity for depths
that are small compared to the scale of variation of the stress
tensor.
The stress-tensor for rotating fluids with anisotropic tur-
bulence includes two distinct components: non-diffusive str-
esses TΛij and the contribution of turbulent viscosities TDij ,
Tij = T
Λ
ij + T
D
ij , T
D
ij = ρNijkl
∂Vk
∂rl
, (3)
whereNijkl is the eddy viscosity tensor. Non-diffusive stress
is the main source for the differential rotation (the Λ-effect),
Figure 1. Dependence of the Coriolis number (4) on the
depth D beneath the solar surface.
while the viscous stress TDij constrains the magnitude of ro-
tation inhomogeneity by the action of turbulent viscosities
(Kitchatinov 2005). Both the Λ-effect and the turbulent vis-
cosities depend on rotation rate in a complicated way. The
key parameter for the dependence is the Coriolis number
Ω∗ = 2τΩ (4)
(Ω∗ measures the intensity of interaction between convection
and rotation). The dependence of Ω∗ on depth near the solar
surface is shown in Fig. 1. This dependence follows from
the solar structure model (Stix 1989) and the value of Ω =
2.87 × 10−6s−1 for the angular velocity. The Figure shows
that Ω∗ is small near the surface.
In the case of small Ω∗ and without magnetic fields, rel-
atively simple expressions hold for the stress tensor compo-
nents present in Eq. (3) (Ru¨diger 1989),
TΛrφ = −SρνTΩ sin θ,
TDrφ = ρνTr sin θ
∂Ω
∂r
, (5)
where ν
T
is the turbulent viscosity and S is the convection
anisotropy parameter, which will be defined latter. Equation
(5) omits the contributions of the order of Ω∗2 the relative
magnitude of which does not exceed 1% (Fig. 1). The bound-
ary condition (2) with account for Eq. (5) leads to the con-
stant relative radial shear,
∂ ln(Ω)
∂ ln(r)
= S, (6)
near the solar surface (Kitchatinov 2013). This finding agrees
with the helioseismological data of Barekat et al. (2014) and
their value of the rotational shear restricts the anisotropy pa-
rameter S. However, Eq. (6) is modified by a magnetic field.
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3. Lambda-effect in presence of a
magnetic field
3.1 Quasi-linear approximation
Turbulent stresses will be derived in the quasi-linear approxi-
mation also known as the first-order smoothing (Moffatt 1978)
or the second-order correlation approximation (Krause & Ra¨-
dler 1980). In this approximation, the terms that are nonlin-
ear in turbulent fluctuations are neglected in the equations for
the fluctuating velocity or magnetic field. The approximation
allows the correlations of velocity or magnetic fields, similar
to that present in (2), to be derived as functions of rotation
rate and/or mean magnetic field. The quasi-linear approx-
imation is justified for cases when the Strouhal number or
the Reynolds number is small. Solar convective turbulence
does not belong to either of these cases. Nevertheless, the
presence of special cases for which the quasi-linear approxi-
mation is valid ensures this approximation from nonphysical
results. Numerical experiments of Ka¨pyla¨ & Brandenburg
(2008) show the quasi-linear theory to keep the ‘order of mag-
nitude validity’ also beyond these special cases.
The quasi-linear technique for deriving the Λ-effect has
been discussed in detail elsewhere (cf., e.g., Kitchatinov et al.
1994a) and is described here only briefly. It is convenient to
apply the Fourier transform of fluctuating velocity,
u(r, t) =
∫
uˆ(k, ω)ei(r·k−ωt)dkdω, (7)
and the same for magnetic fluctuations b. For the uniform
angular velocity Ω and the mean field B, this results in alge-
braic equations for the Fourier-amplitudes of the fluctuating
fields, which lead to the following relations
uˆi(k, ω) = Dij(k, ω,Ω,VA)uˆ
0
j(k, ω),
bˆ(k, ω) =
i(k ·B)
ηk2 − iω uˆ(k, ω), (8)
where V
A
= B/
√
4πρ is the Alfven velocity, repetition of
subscripts means summation, and uˆ0 corresponds to the so-
called ‘original turbulence’ which is not perturbed by rotation
or magnetic field. The influence of rotation and magnetic
field is involved via the tensor Dij ,
Dij(k, ω,Ω,VA) =
Nδij + Ωˆεijlkl/k
N2 + Ωˆ2
,
N = 1 +
(k · V
A
)2
(ηk2 − iω)(νk2 + iω) , Ωˆ =
2(k ·Ω)
k(νk2 − iω) , (9)
where ν is the viscosity and η is the magnetic diffusivity. The
original turbulence is assumed to be given. The turbulent
stresses TΛij are derived from the given properties of the orig-
inal turbulence by using equations (8) and (9) to account for
the influence of rotation and magnetic field. The original tur-
bulence is assumed to be anisotropic with the radial preferred
direction signified by the unit vector rˆ = r/r. Properties of
such a turbulence are defined by the spectral tensor
Qˆij(k, ω) =
E(k, ω)
16πk4
[
(1 + S)(k2δij − kikj)
− S ((rˆ · k)2δij + k2rˆirˆj − (rˆ · k)(rˆikj + rˆjki))
]
(10)
of the velocity correlation
〈uˆ0i (k, ω)uˆ0j(k′, ω′)〉 = Qˆij(k, ω)δ(k + k′)δ(ω + ω′). (11)
In this equation, E(k, ω) is the fluctuation spectrum,
3〈(u0r)2〉 =
∞∫
0
∞∫
0
E(k, ω) dk dω, (12)
and S is the anisotropy parameter,
S =
〈(u0)2〉
〈(u0r)2〉
− 3, (13)
which has been used already in equations (5) and (6). The
spectral tensor should be positive definite. This condition
imposes restrictions on the anisotropy parameter:
S ≥ −1. (14)
According to (14), the turbulent flow cannot consist of only
radial motions (it would be S = −2 in this case). The mean
energy density of horizontal motions cannot be smaller than
that of radial motions.
The Λ-effect with allowance for the magnetic field can be
derived from equations (8) to (11) by performing the inverse
Fourier transform.
3.2 The Λ-effect
The near-surface convection is weakly affected by rotation
(Fig. 1). It, therefore, suffices to derive linear terms in the
angular velocity only in the Λ-effect. This yields
TΛij = SρνT
[
J1 (rˆiεjmn + rˆjεimn) rˆmΩn
− J2(Ω · bˆ) (rˆiεjmn + rˆjεimn) rˆmbˆn
+J3(rˆ · bˆ) (Ωiεjmn +Ωjεimn) rˆmbˆn
+J3
(
bˆiεjmn + bˆjεimn
)(
(Ω · rˆ)rˆmbˆn + (rˆ · bˆ)rˆmΩn
)
−J4(Ω · bˆ)(rˆ · bˆ)
(
bˆiεjmn + bˆjεimn
)
rˆmbˆn
]
, (15)
where bˆ = B/B is the unit vector along the mean field B
and the Jn-coefficients (n = 1, ..., 4) depend on the field
strength and on the fluid parameters. These dependencies are
expressed in terms of integrals of the turbulence spectrum
with complicated weight-functions. Further simplifications
are required for quantitative estimations. Sufficient simpli-
fications are provided by the mixing-length approximation
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Figure 2. Dependence of the Jn-coefficients of equation
(15) on the relative strength β (18) of the large-scale
magnetic field.
(known as the τ -approximation also). In this approximation,
the spectrum function contains the only spatial scale ℓ = τu
(u = 〈(u0)2〉1/2 is the RMS velocity):
E(k, ω) = 2u2δ(k − ℓ−1)δ(ω). (16)
Viscosity and magnetic diffusivity are replaced by their esti-
mated effective values,
ν = η = ℓ2/τ. (17)
The Jn-coefficients of Eq. (15) then depend only on the ratio
β = B/Beq, Beq =
√
4πρ u, (18)
of the mean field B to the so-called equipartition field Beq
(forB = Beq, the magnetic energy density equals the density
of turbulent kinetic energy). For small β, only J1 tends to
a finite value different from zero: J1 ≃ 1 − 6β2/7, J2 ≃
12β2/7, J3 ≃ 2β2/7 and J4 = O(β4) (for β ≪ 1). In
the opposite case of a very strong field, all Jn-coefficients
are inversely proportional to the field strength: J1 ≃ J2 ≃
J4 ≃ 45π/(256β) and J3 ≃ 15π/(256β) (for β ≫ 1). The
Jn-functions for intermediate β-values are shown in Fig. 2.
4. Near-surface rotational shear
We turn now to the estimation of the near-surface radial inho-
mogeneity of rotation with allowance for the magnetic field.
The field can change considerably the angular momentum
fluxes only if it is not too small compared with Beq (B >
0.1Beq, Fig. 2). Figure 3 shows the dependence of the equipar-
tition field Beq (18) on depth beneath the solar surface for
the same solar structure model as Fig. 1. It follows from
Fig. 3 that only the fields of at least several hundred Gauss
can influence the near-surface rotational shear. The large-
scale poloidal field is much weaker, Bpol ∼ 1Gs (Stenflo
1988; Obridko et al. 2006). The toroidal field of the solar
αΩ-dynamo can be much stronger. Further estimations are,
Figure 3. Dependence of the equipartition field Beq on
depth D beneath the solar surface.
therefore, performed for toroidal field B = eφB, that largely
simplifies the estimations.
Equation (15) leads to the following expression for the
non-dissipative part TΛrφ (3) of the radial flux of angular mo-
mentum,
TΛrφ = −SρνTΩJ1(β) sin θ, (19)
which generalises the Eq. (5)1 with allowance for the mag-
netic field.
Estimating the rotation inhomogeneity requires a knowl-
edge of the viscous stresses which balance the Λ-effect. The
viscosity tensor of equation (3), derived within the same ap-
proximations as the Λ-effect (15), reads
Nijkl = νT
[
ψ1(β)(δikδjl + δjkδil)
+ ψ2(β)(δil bˆj bˆk + δjlbˆibˆk + δik bˆj bˆl + δjk bˆibˆl) + ...
]
, (20)
where dots signify the terms irrelevant to this paper (the func-
tionsψ1(β) and ψ2(β) are given in the Appendix of the paper
of Kitchatinov et al. (1994b) and in its figure 4). The con-
tribution of the eddy viscosity to the radial flux of angular
momentum then reads
TDrφ = ρνT (ψ1(β) + ψ2(β)) r sin θ
∂Ω
∂r
. (21)
Substitution of the stresses (19) and (21) into the boundary
condition (2) finally gives
∂ ln(Ω)
∂ ln(r)
= Sφ(β), (22)
where φ(β) = J1(β)/(ψ1(β) +ψ2(β)) is the function of the
normalised strength of the toroidal magnetic field (18). This
function is shown in Fig. 4.
5. Conclusion
Without magnetic fields, the shear (22) is constant with lati-
tude. The shear value found by Barekat et al. (2014) is repro-
duced with the maximum possible radial anisotropy S = −1
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Figure 4. The function φ(β) of the dependence of the
rotational shear on the toroidal field strength near the
surface of a stellar convection zone.
(14), i.e, with 〈u2r〉 = 2〈u2θ〉 = 2〈u2φ〉. Numerical experi-
ments of Ka¨pyla¨ et al. (2011) show that the anisotropy of non-
rotating convection is indeed close to this maximum value
(see fig. 5 of Ka¨pyla¨ et al.).
For S = −1, the normalized rotational shear equals the
φ(β)-function of Fig. 4: −∂ ln(Ω)/∂ ln(r) = φ(β). The
shear increases with the field strength. The increase is caused
by the stronger suppression of turbulent viscosity by the mag-
netic field compared with the Λ-effect. The magnetic field
decreases the turbulence intensity. As a consequence, both
the Λ-effect and the eddy viscosity balancing this effect are
decreased. However, the viscosity is more strongly quenched
that results in an increase in the rotational shear with the mag-
netic field (Fig. 4). As the toroidal field depends on latitude, a
similar dependence can emerge in the near-surface rotational
shear. Figure 2 of Barekat et al. (2014) does indeed show a
small increase in the rotational shear around the latitude of
20◦ (see also table 1 in their paper). However, the relatively
small value of this increase does not allow its confident inter-
pretation as a manifestation of a subphotospheric magnetic
field. A comparison of Figures 3 and 4 shows that the sur-
face rotational shear can serve as an indicator of sufficiently
strong subphotospheric magnetic fields of the order of one
thousand Gauss.
The theory of the solar surface shear layer can be relevant
to the rotational states of red giants. Asteroseismology has
revealed a large inhomogeneity of rotation in extended con-
vective envelopes of these stars (Beck et al. 2012; Deheuvels
et al. 2012). The relatively fast rotation of their deep interiors
was interpreted as a consequence of angular momentum con-
servation in the course of contraction of the central region
and expansion of the envelope of a star. The characteristic
time of turbulent diffusion (∼ 100 yers) in the convection
zone of a solar-mass giant is however short compared with
its evolutionary time. This circumstance together with long
rotation periods suggests that the quasi-steady non-uniform
rotation in extended convective envelopes of red giants can
be of the same nature as the near-surface rotational shear of
the Sun.
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